Abstract. We study the principal connections of the r-th principal prolongation W r P of a principal bundle P (M, G) by using the related Lie algebroids. We deduce that both basic approaches to the concept of torsion are naturally equivalent. We prove that the torsion-free connections on W r P are in bijection with the reductions of W r+1 P to the group G 1 m × G. Special attention is paid to the flow prolongation of connections.
Abstract. We study the principal connections of the r-th principal prolongation W r P of a principal bundle P (M, G) by using the related Lie algebroids. We deduce that both basic approaches to the concept of torsion are naturally equivalent. We prove that the torsion-free connections on W r P are in bijection with the reductions of W r+1 P to the group G 1 m × G. Special attention is paid to the flow prolongation of connections.
Consider a principal bundle P (M, G), dim M = m. Its r-th order principal prolongation W r P is the bundle of all r-jets j r (0,e) ϕ of local principal bundle isomorphisms ϕ : R m × G → P , 0 ∈ R m , e = the unit of G.
This is a principal bundle over M with structure group W r m G := W r 0 (R m × G), whose action on W r P is given by the jet composition, [11] . If G = {e} is the one-element group, then M × {e} is identified with M and W r (M × {e}) = P r M is the r-th order frame bundle of M . The r-th principal prolongation W r P is a fundamental structure for both the general theory of geometric object fields, [11] , and the gauge theories of mathematical physics, [3] .
Our main subject are the principal connections on W r P . So we omit the adjective "principal" as a rule. At a few places (in particular at the beginning of Section 4), where we mention arbitrary connections on an arbitrary fibered manifold Y , we call them explicitly "general connections".
It has been clarified recently that the connections Λ on P r M are in bijection with the r-th order linear connections λ : T M → J r T M on T M . In Section 2 we point out that in the case of W r P the role of T M is replaced by the Lie algebroid LP = T P/G of P . Using the flow prolongation of right -invariant vector fields, we identify J r (LP → M ) with the Lie algebroid LW r P and prove that the connections ∆ on W r P are in bijection with the linear splittings δ : T M → J r LP . The torsion of ∆ is defined as the covariant exterior differential of the canonical one-form of W r P , while the torsion of δ is introduced by means of the bracket of LP . In Section 3 we prove that the torsions of ∆ and δ are naturally equivalent.
A connection Γ on P and a connection Λ on P r M determine a connection W r (Γ, Λ) on W r P by means of the flow prolongation of vector fields. To demonstrate the applicability of the algebroid approach, we express explicitly the torsion of W 1 (Γ, Λ) in terms of the torsion of Λ and the curvature of Γ in Section 4. For arbitrary r, we then deduce that W r (Γ, Λ) is torsion-free, if and only if Λ is torsion-free and Γ is curvature-free. In Section 5 we prove that, analogously to the case of P r M , the torsion-free connections on W r P are identified with certain reductions of W r+1 P . From a general point of view, J r is a fiber product preserving bundle functor. In Section 6 we study an arbitrary functor F of this type and we deduce the algebroid formula for the flow prolongation of the above-mentioned pair of connections Γ and Λ.
All manifolds and maps are assumed to be infinitely differentiable. Unless otherwise specified, we use the terminology and notations from the book [11] .
1. The torsion of connections on W r P . We write G r m for the r-th jet group in dimension m and T
T r m G is the group semidirect product with the group composition
where • denotes the induced group composition in T r m G, [11] . The first product projection W r P → P r M is a principal bundle morphism with the associated group homomorphism W r m G → G r m determined by (1) . Write PB m (G) for the category of principal G-bundles with m-dimensional bases and principal G-morphisms with local diffeomorphisms as base maps. LetP (M , G) be another object of PB m (G) For every PB m (G)-morphism f : P →P with base map f : M →M , we define
Then W r is a functor from the category PB m (G) into PB m (W r m G), [11] .
On P r M , we have the canonical one-form ϕ r :
m . On W r P , we introduce analogously a canonical one-form Θ r : 
is a linear isomorphism depending on u only. For every Z ∈ T u W r P , we define Θ r (Z) = u −1 T π r r−1 (Z) . Clearly, the following diagram commutes
For a connection Λ on P r M , Yuen defined its torsion to be the covariant exterior differential D Λ ϕ r . Analogously, in [13] we introduced Definition 1. The torsion of a connection ∆ on W r P is the covariant exterior differential D ∆ Θ r .
2. Another approach to connections on W r P . A linear splitting T M → J r T M is said to be a linear r-th order connection on T M . Since P r is an r-th order bundle functor from the category Mf m of mdimensional manifolds and local diffeomorphisms into PB m (G r m ), the flow prolongation P r X of every vector field X on M is a right-invariant vector field on P r M , [11] . The restriction P r X | P r x M depends on j r x X only. This defines an identification
where LP r M is the Lie algebroid of P r M , [15] . Clearly, for every linear splitting λ : T M → J r T M , the rule
defines a connection Λ on P r M . This establishes a bijection λ → Λ between linear r-th order connections on T M and connections on P r M , [8] .
Such a bijection can be generalized to the case of W r P . The role of T M is replaced by the Lie algebroid LP = T P/G of P . Every section σ : M → LP is identified with a right-invariant vector field σ :
. This is the principal bundle form of an identification that was established in the Lie algebroid form in [14] . In the same way as in (7), we obtain Proposition 1. (8) identifies connections ∆ on W r P with linear splittings
We say that δ is the algebroid form of ∆.
3. The torsions on W r P and J r LP . The (r − 1)-jet at x ∈ M of the bracket [X 1 , X 2 ] of two vector fields X 1 and X 2 on M depends on the r-jets j r x X 1 and j r x X 2 . This defines a bilinear morphism
For a linear r-th order connection λ :
Our result from [8] reads: If Λ is the principal bundle form of λ, then the torsion D Λ ϕ r is naturally identified with the torsion τ λ. We are going to deduce the same result for the case of W r P . Since the bracket [[ , ] ] of LP is a first order operator, it determines a bilinear morphism
Definition 2. The torsion of a connection in the algebroid form δ : T M → J r LP is the morphism
Clearly, τ δ can be viewed as a section of
L is an r-th order gauge natural bundle, every u = j r (0,e) ϕ ∈ W r P can be interpreted as a map
Our identification I r−1 P
m . Analogously to (11), we construct (12)
The restriction of I r−1
m . By naturality, the following diagram commutes
⊗ Λ 2 R m * and τ δ is a section, we can consider its frame form (14) {τ δ} :
. On the other hand, D ∆ Θ r is a horizontal 2-form, so that it can be interpreted as a map
Further we can construct
Proposition 2. Under the identifications (14) and (15),
is a gauge-natural operator. Hence if commutes with the Lie differentiation, [11] . But the Lie derivative of σ 2 with respect toσ 1 is the bracket [σ 1 ,σ 2 ].
Consider now u ∈ W r x P and
Applying the classical formula for dΘ r and (17), we obtain
By the commutativity of (13), the last expression corresponds to Write FM m,n for the category of fibered manifolds with m-dimensional bases and n-dimensional fibers and their local isomorphisms. Let F be a bundle functor on FM m,n of the base order r, [11] . For every vector field X on M we first construct the Σ-lift ΣX : Y → T Y . The flow prolongation F(ΣX) depends on the r-jets of X. This defines a map
Let Λ be a principal connection on P r M and λ : T M → J r T M be the corresponding splitting. Then
is a general connection on F Y , that is called the flow prolongation of Σ with respect to Λ, [11] .
If we consider a principal connection Γ on a principal bundle P (M, G) in the role of Σ, then W r (Γ, Λ) is a principal connection on W r P . The algebroid form γ : T M → LP of Γ is a fibered morphism over id M . Its r-th jet prolongation is a map J r γ : J r T M → J r LP . The following assertion will be proved in Section 6 in a more general setting.
The first application of (18) is the following assertion, that we deduced in a quite different way in [13] . However, we find remarkable that the algebroid approach reduces the proof to a simple direct evaluation. Proposition 4. W 1 (Γ, Λ) is torsion-free, iff λ is torsion-free and Γ is curvature-free.
Proof. By locality, it suffices to discuss the case P = R m × G, so that LP = T R m × g. The sections of LP are pairs (X, ), of a vector field X on R m and a map : R m → g with the bracket 
Then the coordinate expression of τ δ is
On the other hand, let γ and λ be of the form
Then the coordinate expression of J 1 γ is
By (22), the torsion of
The first term in (26) 
In [5] , we deduced that the torsion-free connections on P r M are in bijection with the reductions of
In [13] , we proved that the torsion-free connections on W 1 P are in bijection with the reductions of
We are going to deduce such a result for an arbitrary order r.
For every fibered manifold Y → M , the r-th contact morphism is a map
In the case of a principal bundle P (M, G), we have V P = P × g.
). Every frame of P We have
On the other hand, we have the classical inclusion [13] . For a connection ∆ : W r P → J 1 W r P , we proceed by the following induction.
Let ∆ be such that the underlying connection ∆ 1 on W r−1 P is torsionfree. Hence ∆ 1 defines a reduction (∆ 1 ) :
by the induction hypothesis.
Proposition 6. ∆ is torsion-free, iff the values of ∆ • (∆ 1 ) lie in i r (W r+1 P ). Then we define
r P , which is identified with a pair of m-dimensional linear subspaces S 1 ⊂ T P r M and S 2 ⊂ T J r P . By (5) and (28), dΘ r | S can be considered as the pair dϕ r | S 1 ), dψ r (S 2 ) . By [5] , dϕ r | S 1 = 0 if and only if S 1 corresponds to an element of P r+1 M . Analogously to [6] , dψ r | S 2 = 0 if and only if S 2 corresponds to an element of J r+1 P .
Proposition 7. Proposition 6 establishes a bijection between the torsionfree connections on W r P and the reductions of
Proof. On one hand, one verifies directly that (∆) is a reduction to the subgroup G 1 m ×G. On the other hand, let Q :
represents an m-dimensional horizontal subspace of T W r P . Since our maps are (G 1 m ×G)-equivariant, these subspaces are canonically extended into a connection on W r P . By the proof of Proposition 6, this connection is torsion-free.
6. The case of W F P . The r-th jet prolongation of fibered manifolds is a fiber product preserving bundle functor J r on the category FM m of fibered manifolds with m-dimensional bases and fibered morphisms with local diffeomorphisms as base maps. In [12] we characterized all these functors in terms of Weil algebras, see also [9] . Every such functor F has finite order. In the base order of F is r, then we have an identification F = (A, H, t), where A is a Weil algebra, H : G Analogously to the case of J r , every F = (A, H, t) determines a bundle functor W F on PB m (G)
with the group composition 
where s is a local section of Y , which is interpreted as a fibered morphism from the trivial fibered manifold
On the other hand, the anchor map q : LP → T M induces F LP → F T M . In [10] we deduced, by using the theory of semi-direct products, that the Lie algebroid of W F P is (33)
For every section σ : M → LP , the vector fieldσ on P induces the flow prolongation W F (σ), which is a right-invariant vector field on W F P . To found its algebroid form, we use our general idea of the flow natural transformation of F . According to [7] , see also [9] , for every Y → M there exists a map
with the property that for every projectable vector field η on Y over ξ on M , the flow prolongation Fη satisfies In the case F = J r , we have t T M = id J r T M , so that Proposition 3 is a special case of Proposition 9.
Remark. There is a natural question whether one can define the torsion of connections on an arbitrary principal bundle W F P . The definition of the canonical form on W r P is essentially based on the fact that W r−1 is the underlying functor of W r of the order r − 1. However, Doupovec clarified that the general concept of underlying functors of arbitrary F is rather sophisticated, [1] . So it seems to be reasonable to restrict ourselves to the subfunctors E ⊂ J 1 F with the property that the jet projection EY → F Y is surjective. Then Proposition 2 of [4] implies that there is a canonical form on W F P with good properties and the procedures of the present paper can be applied.
